We propose a power-law decay model with autocorrelation for posting data to social networking services concerning particular events such as national holidays or major sport events. In these kinds of events we observe people's interest both before and after the events. In our model the number of postings has a Poisson distribution whose expected value decays as a power law. Our model also incorporates autocorrelations by autoregressive specification of the expected value. We show that our proposed model well fits the data from social networking services 1 .
Introduction
With the increasing usage of social networking services (SNS), such as many blog services, Facebook or Twitter, it is important to obtain information from postings to these services. We look at the data on the number of postings for various events, such as national holidays or major sport events. By analyzing the data, we gain insights on how a particular topic interests people, how actively it is discussed around the date of the event and how long the memory of the event lasts. Our data is time series data, but the length of the series is usually short, covering several weeks before and after the event. It is far from stationary, because there is a sharp peak of the number of postings on the date of the event.
Many studies on posting data to SNS focus on the network structure of the services (e.g. [2] , [9] , [12] ), such as how certain topic spreads by interaction among users of the services. In this paper we study the pattern of number of postings concerning particular events, such as national holidays or major sport events. The events we study are scheduled events, so that people are aware when the events will happen. This contrasts with unpredictable events, such as the occurrence of large earthquakes ( [11] ). In the case of unpredictable events, we only observe effects of the event after it happens. On the other hand, in the case of the scheduled events, the number of postings depends on people's anticipation of the event and the after-effect of the actual outcome of the event. Another similar type of data studied in literature is the registration data until the deadline for events such as academic conferences (e.g. [1] , [4] ). In this kind of data, we only observe people's actions before the deadline.
We combine the model of the mean number of postings proposed in [10] and the conditional Poisson autoregressive (AR) models for count data. The conditional Poisson autoregressive models are applied in many problems in econometrics, political science or epidemiology (e.g. [8] , [3] ). For a theoretical survey of the conditional Poisson autoregressive model see [6] , [5] and [7] . Zhu ( [13] ) generalized the conditional Poisson model to generalized Poisson integervalued GARCH models. By our model we can better predict how people's interest on particular events decays with time and our model is useful for example in designing advertisement strategy for web marketing.
In the left graph of Figure 1 we show a typical symmetric pattern of number of postings. Tokyo Marathon 2014 was held on Sunday, February 23 of 2014. It was well anticipated and it ended without unexpected happenings. In these cases, the number of postings shows a symmetric pattern with a sharp peak on the date of the event. Both sides of the peak seems to exhibit a behavior of some negative power in the time difference from the actual date of the event. Also there is some stochastic fluctuation of the number of postings. This is the motivation of our proposed model. A different asymmetric pattern is observed, when there is some surprising The organization of this paper is as follows. In Section 2 we propose to model the mean of the number of postings by a power-law decay model with three parameters and we assume independent Poisson distributions. We also study the Fisher information matrix under the proposed model. In Section 3 we incorporate autocorrelation to our model by conditional Poisson autoregression. In Section 4 we apply our model to some social networking service data in Japan. We end the paper with some discussion in Section 5.
A power-law decay model for the mean number of postings
Let t 0 denote the date of the event and let y t denote the number of postings on the event on day t. We model the expected value of y t by the following power-law decay function.
This power-law decay model was proposed by [10] without the parameter α. They used the least-squares method, while we use the maximum likelihood estimation. They do not consider fitting the data close to the peak, which becomes possible by introducing the parameter α.
The interpretation of the parameters is as follows.
α: steepness of the curve just before and after the event β: longer decay pattern γ: impact of the event (peak level, the maximum number of postings)
In this section we assume that
Poisson random variables with the mean given by µ t (α, β, γ) in (1) . We call the model "powerlaw decay independence model". We denote the probability function of the Poisson distribution with the mean µ as
Then the likelihood function is written as
We found that the maximization of the log-likelihood function is numerically very simple. We give a typical example of maximum likelihood estimation (MLE) of (3) in Figure 2 . In Figure 2 the solid line is the observed data and the the dotted line is the fitted curve of expected values by MLE. We use the same distinction of line types in Figures 3 and 4 . The estimates arê α = 1.115,β = 1.534 andγ = 8820.593. Our model seems to fit the data well, but there is a slight asymmetry in this data, which is not captured by the symmetric model in (1) .
We will discuss many examples of fitting of (3) and its generalizations later in Section 4. 
Fisher information matrix for the independence model
As we already noted in the beginning, the length of our data is not very large and our data is far from stationary. Hence the usual asymptotics for the length of the series is not appropriate. Nevertheless it is of theoretical interest to consider the behavior of MLE of (3) as the length of the series diverges to infinity. On the other hand we have large number of postings y t 0 on the date t 0 of the event. Under our model of Poisson distribution, we can also think of the asymptotics, where γ = E(y t 0 ) diverges to infinity. In the following we calculate the Fisher information matrix
for our model to gain insights on the behavior of MLE for the model (3).
For notational simplicity let t 0 = 0 and
where C does not depend on parameters. Then
The expected value of this second derivative is given as
Note that
Next consider I αβ . Noting
and
When we take the expected value, the first two terms cancel and
The divergence is the same as in the case of I αα .
Similarly we can evaluate I ββ , I αγ , I βγ , I γγ as
Although it is tedious to prove the consistency and the asymptotic normality of MLE based only on the computation of Fisher information matrix, our computation suggests the following results. Since y t 0 has the Poisson distribution with the mean γ and the standard deviation √ γ, y t 0 /γ converges to 1 in probability as γ → ∞. In fact, when we compute MLE, γ is basically estimated by y t 0 , since the number of postings has a sharp peak at t = t 0 (see Figure 2 ). Furthermore I αα , I αβ , I ββ are linear in γ. This suggests that MLE is consistent as γ → ∞. For large expected value, Poisson distribution is approximately by normal distribution after normalization. Hence the score functions ∂l/∂α, ∂l/∂β, ∂l/∂γ are approximately normally distributed as γ → ∞. The confidence intervals given in Section 4 are based on this approximation. When γ is fixed and max(−t L , t U ) → ∞, the elements of the Fisher information matrix diverge to ∞ if and only if β ≤ 1, or equivalently
Conditional Poisson regression modeling for autocorrelations
In the last section we assumed that the number of postings y t are independent. We generalize this model to allow autocorrelations by conditional Poisson regression modeling. As we saw, the estimate of the parameter γ in (1) is very close to y t 0 . Hence in this section we replace γ by y t 0 . This is the initial value of our autoregressive scheme and we model the number of postings after the event y t , t > t 0 . Concerning the data y t , t < t 0 , before the date of the event, we can use the model given in (4) by reversing the time axis. This is similar to look at the standard AR(1) process x t = ρx t−1 + t in the reverse time direction by taking the reciprocal of the autoregressive coefficient ρ. However this modeling of the data before the date of the event is somewhat unsatisfactory, in particular for the purpose of predicting y t 0 before the date of the event. We discuss this point again in Section 5.
We replace γ by y t 0 in (1) and regard it as the conditional expected value of y t given y t 0
Then E(y t |y t 0 ) is recursively written as
We propose the following AR(2) type modeling of y t , t ≥ t 0 + 2:
Note that y t 0 +1 is given in an AR (1) form. Then the conditional likelihood function for α, β, s given y t 0 for the data y t 0 +1 , . . . , y t 0 +T is written as
When s = 1, we have an AR(1) form. When we estimate s in L(α, β, s), we restrict s ∈ [0, 1], although for some data sets unrestricted MLE of s happened to be larger than 1.
Note that the independence model in (3) and the AR(2) model in (5) are separate models. In the usual AR(1) model of continuous observations x t = ρx t−1 + t , the independence model is a special case of ρ = 0. In order to interpolate between the independence model (3) and the AR(2) model (5), we propose the following more generalized and unifying model with the new parameters u, v ∈ [0, 1] representing the weights of the two models.
In this unifying model, u is the weight for the lag one term and v is the weight for the lag two term. We introduced these two parameters separately for flexibility of the model.
Fisher information matrix for the AR(1) model
Here we evaluate Fisher information matrix for AR(1) model, i.e. the model in (5) with s = 1. We let t 0 = 0 for simplicity and assume that y 0 , . . . , y T are observed. We also replace γ by y 0 and consider the conditional likelihood in α and β given y 0 .
The
The conditional likelihood function is
Then the conditional log-likelihood function l(α, β) = log L(α, β) is written as
(y t log µ t − µ t − log y t !)
where C does not depend on α, β. The first derivative and the second derivative with respect to α are evaluated as
Taking the expected value we have
The mixed derivative with respect to α and β and its expected value are evaluated as
Similarly, the second derivative with respect to β and its expected values are evaluated as
Note that the elements of the Fisher information matrix are proportional to y 0 . Also the relevant series diverges if and only if β ≤ 1. This is the same as in the power-law decay independence model.
For more complicated models of this section, the evaluation of Fisher information matrix is difficult, mainly because we can not separate y t−1 and y t−2 in log µ t .
Data analysis of some Japanese social networking data
We apply our models to some social networking service data in Japan. The data which we used are summarized in Table 1 . In Table 1 , "Date" is the date of the event in the format month/data in 2014. "ID" is our identifier of the events used in later tables. "Searchword" is the word we used in BuzzFinder service to search for the postings related to the events. "Remarks" are the explanations of the events.
Parameter estimation of the power-law decay independence model
In Table 2 we show fits of the power-law decay independence model to data. Because many events showed asymmetry before and after the date of the event, we estimated the before-event parameters α b , β b and the peak level γ for one week before the event, and then estimated the after-event parameters α a , β a separately with the same γ as the before-event parameter. We also computed 95% confidence intervals.
In the graph of Figure 3 we show the data of Valentine's day around February 14, 2014. The graph looks almost symmetric at first sight, but the estimated before-event parameters and after-event parameters were different. Indeed in the graph of Figure 3 the slope just before the date of the event is steeper than after the event and the number of postings decrease to zero faster after the event than before the event. Our estimated parameters reflect these facts. Based on the power-law decay independence model we considered predicting the after-event parameters based on the data before the event. However this was difficult, because of the asymmetry found in many events. To confirm this phenomenon we performed multiple regression analysis, where the before-event parameters α b , β b , γ are explanatory variables and the afterevent parameters α a , β a are objective variables. But we did not find significant correlation. 
Parameter estimation of the AR(2) model
In Table 3 we show the fit of AR(2) model to our data. In Table 3 "log-lik." stands for the log-likelihood of the estimated model. Figure 4 shows the fit of the AR(2) model for "Kodomo no Hi" and for "Yuko Oshima" as typical examples. In Figure 4 s is estimated as s = 1 for "Kodomo no Hi", whereas s is estimated as s = 0.576 for "Yuko Oshima". It seems that the parameter s reflects the property of the event. The parameter s tends to be close to 1 for events with faster decay patterns, but tends to be less than one for events with long-lasting interest after the events. This is reasonable, because 1 − s represents the effect of two days ago and s = 1 means that the autocorrelation is fully explained only by the number of postings one day ago. We compared AIC (Akaike's Information Criterion) for AR(2) model and AIC for AR(2) model with s = 1. For many data sets AIC was smaller when s is estimated to be less than 1.
Parameter estimation of the unifying model
In Table 4 we apply the unifying model (6) to data. In the Table 5 we compare the unifying model and other models based on AIC. In many cases the values of the parameters u, v are close to 1 in this model. This suggests that the unifying model is over-parameterized for many events and the maximum likelihood estimation is not very stable. Indeed when we compare AIC for various models, often other models have smaller AIC than the unifying model.
Summary and discussion
In this paper we proposed a Poisson autoregression model with the power-law decay of the mean parameter for the number of postings data. Our model shows a good fit to various Japanese social networking data. Also the parameters of our model are easy to interpret and our model is useful in describing patterns of the events. Since the length of the data considered in this paper is fairly short, covering only about one month, the unifying model in (6) with five parameters is probably flexible enough. In fact for many events, we found that smaller models than the unifying model showed better fits. Our model assumes that there is a single date t 0 of an event. Some events such as the Olympic games have longer duration. The pattern of number of postings during the event with longer duration seems to be more complicated, although the patterns before the beginning of the event and the after the event seem to be similar to single-day events. It is not clear how to generalize our model to events with a longer duration.
From practical viewpoint, it is important to predict the peak level γ of the number of postings and the after-event parameters α a , β a before the event. However we found that this prediction was difficult for our data. Therefore in data analysis in Section 4, we separately estimated the before-event parameters and the after-event parameters, although for the modeling purpose this is somewhat unsatisfactory. As discussed at the beginning of Section 3 our conditional Poisson regression model is not suited for the prediction before the event. In addition, if the event has some surprising element on the date of the event, then it is naturally difficult to predict it before the event. We could use some characteristic of a particular event for the purpose of prediction. For example, national holiday has a fixed date every year and we can analyze stability of the pattern from year to year. 
